Topic one: Algebra
[bookmark: _GoBack]Sequences and Series, Exponentials and Logarithms, Counting/binomial theorem,  Math induction, and Complex numbers (#1-#83).  The solutions will be send out on Thursday 3/26.  
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Of 11 given points, 4 lie on a straight line and no other three
points are collinear. How many different straight lines can be
drawn through pairs of given points?

Prove that 1+2x2'+3x 2% +....4nx2""! = (n—1)2"+1
for neZt.

T—2y+3z=4
2@ —3y+22=1
3z—dy+kz=—2

Consider the system of equations

where k is a constant.

a Show that there is a unique solution provided that k does
not take one specific value k;. Find k1.

b Find the unique solution.
¢ Discuss the case k = k1.

Suppose z1 =3 +4i and zp =8 —8i.
a Find |21, argz, |z2|, and argzs.
b Show the points P(z1), Q(z2), and R(z +z) on

the complex plane, and explain how point R is located
geometrically from P and Q.

75 A teacher needs to decide the order in which to schedule
8 examinations, two of which are Mathematics A and
Mathematics B. In how many ways can this be done given
that the two Mathematics subjects must not be consecutive?

76 Suppose w = e'(¥),

3

a Deduce that w’ =1 and 14w+ w

b Write in terms of w, in simplest form:

Pw’ 0wt i (1-w)?
- 1 y L’
(1 +w)? 1+w

77 Use the principle of mathematical induction to prove that
3" >n?+4n for neZt

78 a Find the cube roots of —27i and display them on an

Argand diagram, labelling them z1, za, and zs.

b Show that zpz3 = 22, where z is any of the cube roots
found in a.

¢ What is the value of 2122237
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Deduce that n(;::;) =r(:) forn, r€Zt, n2r.

Suppose z and w are complex numbers where w # 0. Use

||

polar coordinates to show that |£ ==
wl Jul

a Show that d2” > (z+1)* for z > 1.

b Use the principle of mathematical induction to prove that
4" 33n? for nez*.

Suppose z = rcisf where 7 >0 and 2% =

a Deduce that 7 =7 and cis36 = 1.

b Hence show that z? = z* has three non-zero solutions,
and write them in the form a +bi where a, b€ R.

Stan invests £3500 for 33 months at an interest rate of 8% p.a.
compounded quarterly. What will be its maturing value?

A club has 12 members. How many different committees
consisting of at least two members can be formed?

79 5 distinct points lie on a circle and 11 distinct points lie within
it. No three points are collinear. How many different triangles
can be drawn with vertices selected from the 16 points if:

a there are no other restrictions
b exactly one of the vertices lies on the circle
© at least one of the vertices lies within the circle.

80 a If z=cisé, prove that z"+ziﬂ = 2cosnf for n € Z*

.
b By considering (z + %) . wiite cos*d in the form
acosdf+bcos20+c where a, b, c€Q.

81 The points (2, 4), (2, —6), and (=1, 3) lie on a circle with
equation z? +y? +az+by +c=0.
a Write three equations in the unknowns a, b, and c.

b Find the values of a, b, and ¢, and hence find the
coordinates of the circle’s centre.
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Emma sets up a fund for her granddaughter, Amy. On the first
day of cach month, Emma deposits $60 in an account. The
account pays compound interest of 5% per annum, calculated
monthly. The interest is added to the account on the last day of
each month. N
a Find the value of the fund after 3 months.
b Write an expression for the value of the fund after k years.
€ Hence find the value of the fund after 20 years.

In a geometric sequence, the first term is uj and the nth term
iS Un.
a Find an expression for the sum of the reciprocals of the
first n terms.
1.141
b Hence find 1+ 2+ 5 +...+
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SKILL BUILDER QUESTIONS

1 Find the sum of the first 30 terms of:
a 18416+ 14412+ ..
b 4B 424+1246+ ..

s

2 Write as a single power of .

G
3 Find  a log,8 b log (%) ¢ logy(v3)

4 Expand and simplify: (2 ai)®

n
5 Consider the binomial cxpansion of (z: . %) . Find:
a the coefficient of z° b the constant term.

& Find the sum of the infinite geometric series with first term 27
and fourth term 8. -

7 Write in simplest form (3;7
8 Solve for z: logg(2z — 1) = —1
9 Write 3—3i/3 in the form r(cos6 + isin6).
10 Tliustrate {z | Re(z) < 1N0 < Im(2) < 3}.
1 provenat (1) +(,2,) = (") for posive ntegers n
andr, r<n.
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a Prove that the sequence is arithmetic.

b Find the 50th term and the sum of the first 50 terms.

€ 1s 117 a term of the sequence?

A sequence is defined by un for neZt.

d Find: i
10 ) Uy
[ S un
at =1
Find 2 if 8%7% = 1677
L8
Weie o i the form alogyb where 0, b€ 2.
Simplify (cos (2£) — isin (%)), giving your answer in

the form z + iy where z,y € R.

In a party game, cach person has a card with the 12 nubers
from 1 10 12 printed on it. Each person is asked to put & cross
through 3 of the numbers, for example 2, 7, and 10. A prize
i won if the three mumbers crossed arc the same as the three
numbers chosen by the host.
How many different possible combinations of three numbers are
there?
Prove that 37 (") =2" for n€Z*.

S
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18 The sum of an infinite geometric series is 1.5, and its first term.

is 1. Find:
a the common ratio
b the sum of its first 7 terms, in rational form.

=+1 z
19 Simplify: g

20 Write 2Inz + In(z — 1) —In(z — 2) as a single logarithm.

fite in the form a + bi where a, b€ Q:
3+di o 3L %Y
1-3i i\v5 V5

22 The coefficient of &° in the expansion of (3z +2)" is 21
times the coefficient of z. Find n.

23 Find the value(s) of a for which the system of equations
3z—ay+22:=4
z+2y—3z=1

—z-y+z=12

has a unique solution.

36

37

38

39
40

41

b If the roots found in a are 1, w, w?, w® and w* where
w is the root with smallest positive argument, show that
1+w+w® +w’+w* =0

sin36

Use complex number methods to write in the form

asinf + bsin® 6.

Solve for 7 logy @+ logy(z —2) =1

By considering (1 +2)*™ = (1+2)" (1+z)" show that for
nezt,

2 2 2 2
(=)= + () + )+ ()

Solve for z: 22 —z+1+i=0

Prove that 5n° — 3n? — 2n is divisible by 6 for n € Z*.

A sequence has consecutive terms k + 1, 3k, and k?+5,
where 0 <k < 5.
Find k if the sequence is:

a arithmetic b geometric.
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25 Consider all 4-digit integers where all the digits are different
and the first digit is non-zero.

‘*: Find z in the form a + bi where
=

a How many of these numbers are there?
b How many of these numbers have a 7 as one of the four
digits?
26 Prove that 1x2+2x5+3x8+...+n(3n—1) =n*(n+1)
for neZ*.
27 The 7th and 15th terms of an arithmetic sequence are 1 and
—23 respectively. Find:
a the 27th term
b the sum of the first 27 terms of the sequence.

28 Solve forz: 4% +4=17(2°"")
29 Write as a logarithmic equation in base b:

—a® )
a M =ab b D=

45

Prove that (z +w)* = 2" +w".

a Write ZZH—J:‘,'/E in the form rcis6, r > 0.

b Hence, find the smallest positive value of n such that
i R il =" is purely imaginary.

Find k given that the constant term of

9
1\’ .
(kz + ﬁ) is —103.

a Perform row reduction on
the system of equations

z4+3y+kz=2
ke—2y+3z2=k
4z -3y +10z=35.
b Show that for one value of k, the system of equations has
infinitely many solutions.
Find the value(s) of k for which the system has no
solutions.
d Find the value(s) of k for which the system has a unique
solution.

n
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2 is a complex number and 2" is its complex conjugate. Show
that if 2% = (z*)* then z is either real or purely imaginary.
At a reunion between 6 men and 5 women, each person shakes
hands once with every other person. Find:

a the total number of handshakes

b the number of handshakes between a man and a woman.
Writt 1 -4 in polar form, and hence find (1 — i)** in
Cartesian form.
A sequence is defined by un =12 (3)".

a Prove that the sequence is geometric.

b Find the 5th term in rational form.

¢ Find, correct to 4 decimal places where appropriate:

= 2
1Y un WY un
=1 =t
k = agh _ 1 3
Find a and b given that 2°8° = } and S =9.

a Find the roots of z° = 1 and display them on a fully
labelled Argand diagram.

46

&7

48

49

50

If log, 5 =, find in terms of z:

2
o i
b log, (% ).
s, (5)
un is a geometric sequence in which us = 20 and ug = 160.

Find:
a u; and the common ratio

a log,(5a)

1
b uo and Y un.

n=1

48 people are about to get on a double-decker bus which seats
24 people on each level. However, 8 people refuse to travel
upstairs, and 6 refuse to travel downstairs. How many ways are
there of choosing which passengers travel upstairs and which
passengers travel downstairs?

a Find the integer b such that 0 < b <9, and 9" +b is
divisible by 8 for n € Z*.

b Prove your answer in a using the principle of mathematical
induction.

Prove that arg (?) =argz — arg za.
2
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Write without logarithms:
a logyyM =221

b log, N =2log,d —log,c
243

For what values of k does
z22-1

=k have imaginary roots?

Find the coefficient of z° in the expansion of (z+2)(1—z)°.

=1+5i
2+3i
212 = 64,

Write z=

in polar form, and hence show that

The solution of 2°~* = 82~% is ¢ = log, b Where a,b € Z*.
Find @ and b.

The first term of a finite arithmetic series is 18, the sum of the
series is —210, and the common difference is —3. Find the
mumber of terms in the series.

Suppose z =z +iy where z,y €R. If [z—3|=[z—1]|,
deduce that @ = 2.

70

7

72

73

74

Deduce that n* + 2n is divisible by 3 for n € Z*.

Find the sum of all integers between 100 and 200 (inclusive)
which are not divisible by 4.

Given that cis6 = €’, deduce that:
a cisfcisp=cis(@+¢) b (rcish)” =r"cis(nf)

e if w=e(F), then (1+w)(1+w?)=-ut

Find b given that the coefficient of % in
.
(ﬁ+ g) is ~4032.
Find:
anif 3)(3k—11)=5536
=

= 1y ket
by if Z(-) =s.
=2\




