Topic one (Algebra) Week one Assignment Solutions
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n=9 {nez*}
23 Witing the system in augmented matrix form,
3 —a 2|4
1
12

1 2 -3
-1 -1 1
4
—1| Rz »3R2— Ry
13 | Rs » Rs + Rz

3 -a 2
~ [0 6+a -—11
0 1 -2
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24

- ’ -1 J
—2(6+a)+11 | 13(6 +a) + 1
Ry — (6 +a)Rs — Ry
From the last line, therc is a unique solution when
—2(6+a)+11#0
L =20 #1
L a# -1

~66+u
0o 0

z+2
z—2

L z2+2=i(z-2)

Let z=a+bi
(a+bi)+2=i((a+bi)-2)
o (2+a)+bi=ai+bi®—2i
oo (24a)+bi=~b+(a—2)i
Equating real and imaginary parts:
- 2+a
and
Substituting (2) into (1): 2+

b

ur—i W ougs = —zs
Sows—ur=-23-1
<o (ur +14d) — (w3 + 6d) = —24
- 8d=-24
od=-3
and u; =1-6d
=19
So, uzy = u; +26d
19+ 26(-3)

Su= g(u. +un)
o Smr=Z(ur +uz)
= 2(19 - 59)
= —540

4"+ a=17(2"")
27 172" Y 44 =0
2% 2% ~17(2%) +8 =0
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L b=-2
So, z = -2i.

o Gell]

non0  different from
previous digits

there are 9 x 9 x 8 x 7 = 4536 numbers
b Numbers that do not have a “7” as one of the four digits:

Noan

non0  non7and different
andnon?  from previous digits

29

M =ab®

- log, M = log, (ab®)

log, M = log, a + log,, b

" log, M =logya+3

a
D=b—7

. log, D = log, (%)
». log, D = log, a — log, b*
. log, D =logya—2
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- there are 8 x 8 x 7 x 6 = 2688 numbers that do not
contain a “7”, -
there are 4536 — 2688 = 1848 numbers that do
contain a “7”.
26 Puis: “Ix2+42x5+3x 8+...+n(3n—1)=n(n+1)"
for nezt.
Proof: (By the principle of mathematical induction)
() Ifn=1, LHS=1x2=2 and RHS = 12(14+1) =2
Py is true.
() If P is true, then
IX242x5+3x8+... +k(3k—1) = k2(k+1)
Thus 1X 242X 543X 8+ ... + k(3k ~ 1)
+(k+1)Bk+1)-1)
=K (k+1)+ (k+1)(3(k +1) - 1) {using Py}
=(k+1) (K +3(k+1) -1)
= (k+1)(k* + 3k +2)
k4 1)(k+1)(k +2)
= (k+1)*(k+1]+1)

Thus P, .. ic tr1e ko D * o

30 Let z=a+bi, so z"=a—bi, a, beR.
Now, 2% = (z*)?
So (a+bi)* = (a - bi)?
a® + 2abi + B%i? = a® - 2abi + b%i?
(a* = b%) + 2abi = (a® — b) — 2abi
Equating imaginary parts gives
2ab = —2ab
. dab=0
. a=0 or b=0.
bi, a,bEeR.
2 s either real or purely imaginary.

So, z=a or z

31 a Thereare (7)) =55 ways of choosing 2 people from 11.
b
6men 5women

There are 6 x 5 =30 handshakes between a man and a
woman,
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3 1=/ (12
=v2
0
. arg(l—d)=-%
L l-i= 2m(—7)
(-0 = [Vaeis (-3)] "
= (V2)*'cis (~14%) {De Moivre’s theorem}
= 32v/2¢is (- 3F)
=322 [cos (—&) + isin (~5)]

=32v2 [—% +i(—7‘5)]

a4

=-32-32
3 2 o 2@
w2

2 forall nezZ*

6 w = cis (¥)
Now w®=1
L wt-1=0

(w-1)(w* +v’ + v +w+1) =0
ottt et rw+1=0 {w#l}

36 cos30+isin30
is 30
= (cis6)® {De Moivre’s theorem}
= (cosf +isin6)*
= cos” 0 + 3icos? Osin 6 — 3cos fsin’ 6 — isin® 0
= [cos® 0 — B cos O sin? 8] + i[3 cos® O'sin.0 — sin® 6]
Equating imaginary parts,
5in30 = 3cos sin 6 — sin® 6
=3(1 — sin? 0) sin @ — sin® 0
=3sing — dsin’ 0
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So, consecutive terms have a common ratio of 3. 37 logzz +logg(z —2)=1

Thus, the sequence is geometric with 7 = . .. logg (z(z —2)) =1

b ous=12(2) 3;zz£1_—22)
=12(31) P w-3=0
-% @31 =0

c i iu..: L oz=3 {z>2}
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o 4
_12(3) 5= ma=r")
-1 11
12 _12(1-(3
% 20 = 1— 2
=36 #~ 35.9802
3-e
and pa="?
and 3—u3—(b+1) =3?
and 370 =37
e (1)
e 2)

From (2), a=—-3-b
Substituting into (1), ~3—b+3b=-1

o 2=2
ob=1
soa=—4

a 1=ocis 0= cis (0+k2r) forall k€Z

38 Consider the &” term in: (1+2)*" = (1+2)"(1+2)"

Onthe LHS, Taya = (2) 172", soz™ has coefficient () -
On the RHS, we have
L+2)"(1+2)"

= @)+ @zt () £ ()]

) [(3)F (D)t ot ()™ + () 2]
. the coefficient of z™
=@ @)+ )+ + () (1) + () 6)
=)@+ @)+ -+ () )+ R R)
(=02
=@ HE ) e ()
Equating coefficients of z",

e =@+ @ G+t Q)
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So z” = cis (k2m)

. 2= [cis (k2m)t
Lz =cis( ™) {De Moivr's theorem)

(&

)

= cis 0, cis (2£) , cis (4F) , cis (%) ,
cis (8)  {letting k=0,1,2,3,4}
3
| g

cis(iE
is0=1
= o=loa

39 2 —z4+1+i=0

14 /(12 =41 +19)

L oz= o6
_1kV/i-d-4
o 2
13-4
o 2
Let a+bi=V-3—4i, a,bER
- (a+bi)’ =-3-4i

o a®+2abi— b =-3-4i

arts.
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andso b= —=
a

_o\e
Substituting into (1), a® — (TZ) -3

From (2), ab=

-4 i3-0
P
A

(@*+4)@* -1) =0
a=+1 {acR}

oob=72
VE-& 2 {a>0}
So, zimzz or 1—i

40 Pais: “5n® —3n® - 2n is divisible by 6” for n € Z*.

43

a Let zy=1+iv3 and 22 =1+4.

V12 +(V3)2

=2

, sing = %2

=1
cos0 =1
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40 Pnis: “5n® —3n® - 2n is divisible by 6 for n € Z*.
Proof: (By the principle of mathematical induction)

DIfn=15x1"-3x1°-2x1=0
O]

=0x6
Py is truc.
(2) If Py is true, then 5k® — 3k* — 2k = 6A where A is an
integer.

5(k+1)° —3(k+1)? -2k +1)
= 5(k* + 3k + 3k +1) - 3(k* + 2k + 1) - 2(k + 1)
= (5k* - 3% — 2k) + 15K + 9k
=6A+3k(5k+3) {using Px}
=6A+3(2B), BEZ
{k(5k + 3) is divisible by 2, since cither k is divisible
by 2, or k is odd = 5k + 3 is divisible by 2}
=6(A+B), where A, BEZ
80, Pes s true.
Thus Py is true whenever Py is true, and P; is true.

Pu is truc for n € Z*.
{Principle of mathematical induction}

I

If =" € R, arg(z") = kr, ke Z
The smallest positive value of n which satisfics

A =kmis n=12

%
If 2" is purely imaginary, arg(") =  + k
M= Itkn

The smallest positive value of n which satisfics

=24kt is n=6.

v a1\
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{Principle of mathematical induction}

41 a Since they are consccutive terms of an arithmetic sequence,
(K* +5) — (3k) = 3k — (k+1)
K —3k+5=2k—1

K —5k+6=0
(k~2)(k—3)=0
k=2o0r3
b Since they are consecutive terms of a geometric sequence,
2 3
E = 5 f—f] {equating ratios}

K4k + 5k + 5 = 987
K — 8k +5k+5=0
Using technology, k = 1.32 is the only solution which
satisfies 0 < k < 5.

" Let 2=a+bi and w=ctdi.
Then (z+w)" = (a+bi+c+di)"
=((a+c)+ (b+a))
=(a+c)—(b+d)i

44 Trpy = () (kz)® (

= @K

=l
:
_(9) T 9
= (@w

For the constant term, 9 — %r =0

-
3
LT
T = (3) °%2°
- 84K° = ~104

45 a Writing the system in augmented form,
13 k|2

k-2 3|k

5

4 -3 10
1 3 k
~ 0 -2-3k 3-K

1] -15 10 — 4k

2
—k | Rz — R2 — kR
R3 — Ry — 4Ry
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=l(a—-bi)+(c—di)

=z"+uw"

- x 2
~|o -15 10 - 4k -3
0 0 25-22%-3k? |66k
Rs — 15Rs — (2 + 3k)R;
103 k 2
~lo -15 10— 4k -3
0 0 —(3k+25)(k-1) | —6(k-1)

b If k=1, thelastrowis 0 0 0 | 0
and the system has an infinite number of solutions,

50 Let z; =

22]cisO and 25 = [z cis .
Jzs] cis0
2 Izzlciw
-3 "ms (6-9) {property of cis}
So arg (j—;) =0-¢

= arg(z1) — arg(z2)

2
Then — =
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€ If k=~2, thelastlineis 0 0 0 | s(1+—€)
and the system has no solutions.
d If k#1 or —— the system has a unique solution,

46 a  log,(5a)

2
b log, ( ;—5)

=log, 5 +log,a
- = log, a® - log, 25
=2-2log, 5
=2-2z
47 a u3=20 and g =160
coowmr? =20 and wyr® =160
L w160
w2 T 20
=8
. r=2
and ;2% =20
Lowm=§
b uo =5x2°
= 2560

12
2 un =Si

51 Let uy, ua, and us be consecutive terms of an arithmetic
sequence with difference d.

N =uz—d and us=uz+d.
Now w1 +uz +ug 8
Luwz-dturtur+d=18
s Buy =18
S u=6
Also, uf® +u’ +uf = 396
(6—d)*+ 6+ (6.+ d)* = 396
" 36 —12d+d” + 36+ 36 + 12d + d* = 396
d? = 288
d* =144
d=:+12

So, the numbers are —6, 6, and 18.

52 a logyo M =2z — 1

10'0810 M _ o251
M=10%?

b log, N =2log,d—log,c

-, log, N =log, d* ~log, c

&2
. log, N =log, (T)
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u(r" —1)

Now Sp=

. Si=
= 20475

48 6 of the 24 upstairs seats are taken. We hence choose 18 people
from the 48—(8+-6) = 34 remaining passengers to sit upstairs;
the rest sit downstairs.

there are (33) = 2203961430 ways.

49 a Suppose n=1. 9% 4 b is divisible by 8 if b=7

0<b<g9
So, b="7. { 4

b Pis: “9" 47 is divisible by 8” for n e Z+
Proof: (By the principle of mathematical induction)
M) If n=1, 9"+7=16=8x2

Py is true.

. N=ZL
c
2243
B 7o
L P 43=k(-1)
L P 43=kl -k

o P(—k)=—k-3

a_—k-3
CF TR

. p— 0 k=3
the equation has imaginary roots if Py

Sign diagram:

<0

So, the equation has imaginary roots for —3 < k < 1.




image21.png
@) If Py istrue, then 9*+7 =84 where A € Z*.
P+ i7=9x9* 47
=9x (9 +7)-9xT7+7
=9x8A-9XT+7 {using P}
9IX8A-8x7T
=8(94-7)
Piyy is true.
Since P, is true and Py, is true whenever P, is true, P,

is true forn € Z+,
{Principle of mathematical induction}

54

(z+2)(1 —2)°
—et2) (1“’ +(V) D)+ (V) 1‘(—z)‘)

+(¥) 15(~2)° +
=@+2)(1-10z+... 4 (1)

= ()25 4...)

So, the terms containing z° are () z® and —2 (%) 4.

the coefficient of 2° is (1?) —2 (%) = ~294
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2430
l+5i) (2731:)
2+30 2-3i

1542

|14 = 12412
=Vv2

arg(1+1) =
. 2= /2is (§)
no2% = [Vais (3)] "
= (V2)'cis (%)  {De Moivre’s theorem}
= 64cis(n)

= 64 (cos + isinm)

(%) =55 lines.
There are (3) =6 ways of choosing a pair of points from
the 4 collinear points, of which we include one.
So the total number of lines is 55 — 6 + 1 = 50.
Paist “14+2x 2 +3x 2%+ +nx 2" = (n—1)2"+1"
for nez*.
Proof: (By the principle of mathematical induction)
(1) f n=1, LHS=1 and RHS = (1-1)2"+1=1
Py s true.
(2) If Py is true, then
1+2x2' +3x 22+ . +kx 25 = (k-1)2" +1
So 142x2'4+3x2% 4. +kx2* 4 (k+1)2%
=(k—=1)2" +1+ (k+1)x2* {using P}
x 2" -2 14k x 2t 2t
=2xkx2"+1
=(k+1]-1)2" 41
Preyi is true.
Since Py is true and P41 is true whenever Py is true, Pn is
true for n € Z*+. {Principle of mathematical induction}

a In augmented form, the system is:
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56 251 = g2=
Take the logarithm to base 10 to get:
log(2™") = log(3*~%)
o (2=1)log2 = (2 —z)log3
. zlog2—log2 = 2log3 — zlog3
-, zlog2+zlog3 = 2log3+log2
*. z(log2+ log3) = log 3* + log 2
. zlog6 =log18
_log1s
" logh
ooz =logg18
So, a=6 and b=18.

57 u;=18 and d=-3
If the series has n terms, then
Sn =210
;(m +(n —1)d) = —210
o 5 @x 184 (n-1) x (-3)) = ~210
-, g(ae —8n+43) =210

1 -2 3
2 -3 2
k

3 -4
1 -2 3 | 4

~l0 1 -4 | 7| R R-2R
0 2 k-9|-14] Ry— Ry—3R,
1 -2 3 |4

~l0 1 -4 |7
0 0 k—=1|0] Ry—Rs—2Rs

There is a unique solution if k # 1. Thus k; = 1.
b For k# 1, equation 3 gives (k— 1)z =0
3 0 {k—1#0}

So in equation 2, y — 4(0) = =7
y=-1
and in equation 1, @ — 2(~7) +3(0) =4
: -10

the unique solution is = —10, y=—7, z=0.
¢ When k=1, there are infinitely many solutions.
Letting z=t, equation 2 gives y — 4t = —7
L y=4t-7
Thus in equation 1, z — 2(4t—7) +3t =4
. z—8t+1443t=4
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n(39 — 3n) = —420
~ 3n®—39n—420=0

L n=2 {n>0}
So, there are 20 terms in the scries.

. z—8t+14+43t=4
s z=5t-10

So, when k =1 there are infinitely many solutions of
the form =5t 10, y=4t—7, z=t, teR.

62 a |u|=+32+42
=V0+16

34di=2
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© n=20 {n>0}
So, there are 20 terms in the series.

lz=3=]z-1]
S @+iy) =8 = (@ +iy) -1
o @ =8) +iyl = |(z— 1) +4y|
(-8 +¢*=(z 1) +¢*
L 2'-6z+9=2"—2c+1
- dz=8
L oz=2

. arg(z:) = arctan (3)
~0.927
|2l = B+ (87
(T
=8V2

arg(z) = —§

34di=2
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cis0=1

o 3r _ coe 2% 4 isin2E
cis 2 = cos ¥ +isin ¥
-
is 4% = cos 4T 4 isin 4%
clss>0083+l51n3
— 1 Y3
-2 2

So, the non-zero solutions to 2% = 2" are
1, 1_ 3
2=1, -3+ or 34

67 Time period = 33 months = 11 quarters
Tnterest rate = 8% p.a. = 2% per quarter
. r=102
the amount after 11 quarters is |

=F-Din-nt wa = xr'
nl = 3500 x 1.02*
=T -t R 43518101

—r(?) formreZt, 3w So, the maturing value is £4351.81.

68 Each person is either in or out of the committee, so there are
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64 Let z=ricish and w=racis¢
z _ macisd

© w racisf
=Dheis(9—¢) {property of cis}

w#0

65 a dr?=2"+222 42"
>a4+2c+1 {if o1, o° 22, and z? > 1}
> (@+1)?
b Puis “4™ > 3n® for n€Z*.
Proof: (By the principle of mathematical induction)
() If n=1, LBS=4" =4 and RHS =3x 1" =3
4> 3, s0 Py is true,
@ If P istue, 4° > 3k°
Now, 451 =4 x4*
> 4(3k%)
> 3(4k*)
>3(k+1)? {usinga, k>1}

{using P}

69

70

£ach peisoil is Citusl fb 2 7= =
22 = 4096 possible committees.
There are (') = 12 1-member committees, and

(12) =1 0-member committee.
Hence there are 4096 — (12 + 1) = 4083 committees with at
least two members.

z=iz"
o ztiy=ile—i)
=iz +y

. w=y {equating real and imaginary parts}

Pais “n®+2n is divisible by 37 for nezt.
Proof: (By the principle of mathematical induction)
) If n=1, 1*+2x1=3=3x1
Py is true.
@) If Puis true, k>+2k=3A where A€Z
(k+1)>+2(k+1)
= kP4 3K +3k+1+2k+2
= (K +2Kk) + 3k + 3k +3
—3A+3(K+k+1) {using P}

S0 Pegpistrge. | UL 0
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66

S0 Pi41 is true.

Since P; is true and Pi41 is true whenever Py is true, Pn

is true for n € Z*.

{Principle of mathematical induction}

l’ =z*
o (rcis6)? = (rcisf)”

. cis20 = reis(—6) {De Moivre’s theorem}

r2=r and cis2f = cis(-6)

cis20 _

cis(—0)

cis36 =1
r(r—-1)=0

. r=1 {r>0}

Now cis36 =1

. 30 =0+2km, kEZ

=9A T IR AT A TEEe SRS
=3(A+K +k+1)
Py is true.
Since Py is true and Pe1 is true whenever Py is true, Pn is
true for n € Z*. {Principle of mathematical induction}

71 The sum of the integers between 100 and 200 which are nof 8
multiple of 4, is (100 + 101 + 102+ ... +199 -+200)
(100 + 104 4 ... + 196 + 200).

Now 100 + 101 4 102 + ... 4 199 + 200 is an arithmetic
series with uy = 100, n =101, and un = 200.

Sn= ’—Z'(u‘ +un)
- S0 = 232(100 + 200)

=15150
Now 100+ 104+....+196+200 in an arithmetic series with
u; =100, n =26, and un =200
Sa6 = 2(100 + 200)
= 3900
the required sum = 15 150 — 3900
=11250
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— eitHie = ()
i(0+6) — prein®

=¢
= cis(0+ ¢) = 1" cisnd

¢ w=eCF)
s
: w“:(,-(lé))
_ i
=cis 21
=1
So w*—1=0
w-1)(1+w+v’+u+uw')=0
1+w+w+w+w =0 {w#1)
1+w+w +vwd=-v'

o (T4 w)(1+w?) N

7 L= W (2)

\ 5/
L 5-y=1
y=4

75 If the mathematics exams are consecutive, then we can treat
thein as one subject, giving 7 exams to order.
This pair of mathematics subjects has 2! orderings, so there are
71 x 2! schedules that cannot be used.
There are 8! total orderings.
So the teacher can choose from 8! — (7! x 2!) = 30240
schedules.

76 a ) w = e¥F)
L= (e"(‘ﬁ)’

e

= cis2m
=1
sow'-1=0
o (w=D(+wtw?)=0
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=) xz T x¥x
=(?) x¥ x2"7"

For the coefficient of 2=, # —_3

. r=i5
o= (¥
Now, 2 has coefficient —4032, so (3) b° = —4032
oo b =32
L b=-2

so(w=-D)(1+w4w')=0

1+wt+w?=0 {w#1}

i wwiw il

Wi (1-w)?=1-2w+w?
=l+w+w —3w

w=1
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74 a  Let we=3k—11
Lou=3x1-11=-8
g1 — uk = (3(k +1) — 11) — (3k — 11)

=3k+3-11-3k+11

=3
Since the difference between consecutive terms is constant,
‘ug is an arithmetic sequence with u; = —8 and d=3.

3 (3= 11) = S
=
. 5536 = % (2u1 + (n—1)d)

: 5536:%(2x(-8)+(n—1)x3)
- 11072 =n(~16+3n —3)
. 3n% —19n-11072=0

o (3n+173)(n—-64)=0
n=64 or -1
Since n must be an integer, n = 64.

k1
b Let up= (%)

P S S
(I+w)?  1+2w+w?
1
1+w+w?+w
1

w
=w?

=w? {partii}

' 14w’ _ 1+wtw’—w

T+w  lT+w+w?—w?
_-w

=25

(]

-1
w

w?

77 Phis: “3" >n’+4n” for neZt.
Proof: (By the principle of mathematical induction)
(1) f n=1, LHS=3"=3 and RHS=1*+1=2
Py is true.
() If Py is true, 3% > k*+k
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=§ forall kez*t

Since the ratio between consecutive terms is constant, ux
is a geometric sequence with uy =1 and 1 = %.

EQ7-s

M

> 3k + 3k
> 2k + k? + 3k
>2+k+3k {k>1}
>k +2k+1+k+1
> (k+1)?+(k+1)
S0, Py is true.
Since P, is true and Pey1 is true whenever Py is true, Pa 8
true for n € Z*. {Principle of mathematical induction}





image33.png
78

a Let 2*=-27i
. 2 =27cis (%)
$ = o7cis (3 +k2m), kEZ
o z=3cis(§ +"”') {De Moivre’s theorem}
- z=3cis%, 3cisE, 3cisdE {k=0,1,2}
k3
m=3cisF 23=3cis 1%

b Let z1=3cis§, 22 =3cis I

= 3cis 1%
1=
023 = 3c1s X 3cis 1g*
18x
cis (T)

b In augmented matrix form, the system is

[—1 31 ;10]
2 4 1|-2
2 -6 1|-40
1 -3 —1| 10| R——Ra
N[o 0 3 -40] Ry — Ra +2R:
0 0 3 |-60] Ry— Rs+2R:
- 3e=—60
oe
Using row 2, 10b+ 3(—20)
-, 10b
b=2
Using row 1, a— 3(2) — (—20)

ooa=—4
So the equation of the circle is
2’ +y? —dz+2y-20=0
L (@-27 -4+ @+ -1=20
R (z—-2)?+(y+1)>? =25
Thus the circle’s centre is at (2, —1).

%% . R

-5 005
82 Rate per mont 5= &
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S B s
-9
2 e
2t = (3cis§)
=9cism
=-9 andso 2z =2
21m2s = z1(2")  {from b}
3
=2
=-2T
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